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Abstract
This paper investigates the regularity of solutions of convolution equations in the frame of classes of ultradifferentiable functions
and ultradistributions. We improve previous work by Bonet, Chou, Fernández, Galbis, Meise and others.
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1. Introduction
The purpose of this article is to consider the following problem: Let μ be an ultradistribution with compact support
in RN , consider the convolution equation μ ∗ ν = f and assume that f belongs to a certain class of ultradifferen-
tiable functions which need not be related to the class defining the ultradistribution μ. When does ν belong to the
same class of ultradifferentiable functions of f ? We work in the context of ultradifferentiable functions as defined
by [5] and the precise definitions are given in Section 2. For a weight function ω in the sense of Braun, Meise and
Taylor [5], we denote by D′(ω) and D′{ω} the spaces of ω-ultradistributions of Beurling and Roumieu type, respectively.
We will write D′ω when we refer to both classes of ultradistributions. The notation for spaces of ultradifferentiable
functions E(ω), E{ω} and Eω is analogous. We do not use the standard notation E∗ and D′∗ to denote both classes Beurl-
ing and Roumieu because throughout this work the results involve two different weights. For every ultradistribution
with compact support μ ∈ E ′ω, we consider the convolution operator Sωμ : D′ω → D′ω, defined by Sμ(ν) = μ ∗ ν. We
say that Sωμ is σ -hypoelliptic, σ being a weight which could be different from ω, whenever (Sωμ)−1(Eσ ) ⊂ Eσ . Case
ω = σ , according to [1], μ is said to be an ω-hypoelliptic ultradistribution for the Beurling or Roumieu classes. If
σ(x) = log(1 + |x|2) we identify E(σ ) with the space of all the smooth functions E , and we write Sμ for the convo-
lution operator when it is defined on the classical space D′ of distributions. We say that Sωμ is hypoelliptic whenever
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−1(E) ⊂ E . Hypoellipticity and (ω)-hypoellipticity convolution operators were characterized by Chou [7] for
spaces of ultradistributions in the Komatsu sense. The hypoellipticity of a convolution operator in the classical space
of distributions of Schwartz is covered by Hörmander [11, 16.6]. Bonet, Fernández and Meise characterized in [1] the
ω-hypoelliptic ultradistributions μ in terms of the behaviour of its Fourier transform μˆ and its zero set V (μˆ). They
did it in the more general framework of the ultradistributions in the sense of Braun, Meise and Taylor [5]. Our aim
is to extend the results of [1,7] to results about regularity with respect to a class of ultradifferentiable functions in a
space of ultradistributions associated to a different weight. In particular, we deal with the hypoellipticity in spaces of
ultradistributions in the sense of Braun, Meise and Taylor, extending properly the results in [7] as Bonet, Fernández
and Meise made with the ω-hypoellipticity.
2. Preliminaries
In this preliminary section we introduce weight functions, the space of ultradifferentiable functions, the space of
ultradistributions and we fix the notation which will be used in the sequel. The following definitions go back to Braun,
Meise and Taylor [5].
Definition 1. A weight function is a continuous increasing function ω : [0,∞[ → [0,∞[ satisfying:
(α) there exists K  1 with ω(2t)K(ω(t) + 1) for all t  0,
(β)
∫∞
0
ω(t)
1+t2 dt < ∞,
(γ ) log(1 + t2) = o(ω(t)) as t tends to ∞,
(δ) ϕ : t → ω(et ) is convex.
For a weight function ω we define ω˜ : CN → [0,∞[ by ω˜(z) = ω(|z|) and again call this function ω, by abuse
of notation. Here |z| =∑Nj=1 |zj |. The function ϕ∗ : [0,∞[ → R, ϕ∗(s) := sup{st − ϕ(t): t  0} is called the Young
conjugate of ϕ. There is no loss of generality to assume that ω vanishes on [0,1]. Then ϕ∗ has only non-negative
values and ϕ∗∗ = ϕ. Each weight function satisfies limt→∞ ω(t)t = 0 by Remark 1.3 of [14].
Definition 2. Let ω be a weight function. For a compact set K ⊂ RN and λ > 0 let
Eω(K,λ) :=
{
f ∈ C∞(K): ‖f ‖K,λ < ∞
}
where
‖f ‖K,λ := sup
x∈K
sup
α∈NN0
∣∣f (α)(x)∣∣ exp
(
−λϕ∗
( |α|
λ
))
.
For an open set U ⊂ RN define
E(ω)(U) := proj←KUproj←m∈NEω(K,m)
= {f ∈ C∞(K): ‖f ‖K,m < ∞ for each K U and each m ∈ N}
and
E{ω}(U) := proj←KU ind→m∈N Eω
(
K,
1
m
)
= {f ∈ C∞(K): for each K U there is m ∈ N with ‖f ‖
K, 1
m
< ∞}.
The elements of E(ω)(U) (respectively E{ω}(U)) are called ω-ultradifferentiable functions of Beurling (respectively
Roumieu) type. We denote E(ω) := E(ω)(RN) and E{ω} = E{ω}(RN). We write Eω where ω can be either (ω) or {ω}.
For a compact set K in RN we put
Dω(K) :=
{
f ∈ Eω: supp(f ) ⊂ K
}
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Dω := indn→Dω(Kn).
The elements of D′(ω) (respectively D′{ω}) are called ω-ultradistributions of Beurling (respectively Roumieu) type.
Example 3. The following functions ω : [0,∞[ → [0,∞[ are examples of weight functions:
(1) ω(t) = tα , 0 < α < 1.
(2) ω(t) = (log(1 + t))β , β > 1.
(3) Let (Mp)p∈N0 be a sequence of positive numbers which has the following properties:
(M1) M2j Mj−1Mj+1 for all j ∈ N;
(M2) there exists A,H > 1 with Mn AHn min0jn MjMn−j for all n ∈ N;
(M3) there exists A > 0 with ∑∞q=j+1 Mq−1/Mq Aj Mj/Mj+1;
and define ωM : R → [0,∞[ by
ωM(t) =
{
supj∈N0 log
|t |jM0
Mj
for |t | > 0,
0 for t = 0.
Then ωM is a continuous even function and by Meise and Taylor [13, 3.11] there exists a concave weight function κ
with ωM(t) κ(t) CωM(t) +C for some C > 0 and all t > 0. We have
E(Mj ) :=
{
f ∈ C∞: sup
α∈NN0
sup
x∈K
|Dα(x)|
h|α|M|α|
< ∞ for each h > 0 and each K ⊂ RN compact
}
= E(κ).
We have an analogous identity for the Roumieu spaces.
Remark 4.
(a) For ω(t) = tα , the classes E(ω) (respectively E{ω}) coincide with the Gevrey classes Γ (d) (respectively Γ {d}) for
d := 1
α
.
(b) The following (continuous) inclusions hold E(ω) ⊂ E{ω}, D(ω) ⊂ D{ω}, E ′{ω} ⊂ E ′(ω), D′{ω} ⊂ D′(ω). If ω = o(σ ),
then E{σ } ⊂ E(ω) [5, 4.7], D{σ } ⊂D(ω), E ′(ω) ⊂ E ′{σ }, D′(ω) ⊂D′{σ }.
(c) Moreover, if σ and ω are two arbitrary weights, one has A ↪→ Eσ ↪→ E ↪→D′ ↪→D′ω where we denote by A the
set of real analytic functions.
Definition 5. For μ ∈D′ω the ω-singular support, denoted by sing suppω(μ), is the set of points in RN having no open
neighbourhood U to which the restriction μ|U is in Eω(U).
Definition 6. Let μ ∈ E ′ω, μ 
= 0. We define the convolution operators
T ωμ : Eω −→ Eω by T ωμ (ϕ)(x) := (μ ∗ ϕ)(x) =
〈
μy,ϕ(x − y)
〉
,
and
Sωμ :D′ω −→D′ω by
〈
Sωμ(ν),ϕ
〉 := 〈ν,T ω
μˇ
(ϕ)
〉
,
where μˇ(f ) = μ(fˇ ) and fˇ (x) = f (−x).
By [5, Remark 6.2], Sωμ(f ) = T ωμ (f ) for each function f ∈ Eω .
Definition 7. Let μ ∈ E ′ω . Since Eσ ↪→D′ ↪→D′ω for ω, σ weight functions we say that Sωμ is σ -hypoelliptic whenever
(Sωμ)
−1(Eσ ) ⊂ Eσ .
According to [1], μ is said to be (ω)-hypoelliptic (respectively {ω}-hypoelliptic) if S(ω)μ (respectively S{ω}μ ) is
(ω)-hypoelliptic (respectively {ω}-hypoelliptic).
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hypoelliptic if (Sωμ)−1(E) ⊂ E .
Definition 8. Let μ ∈ E ′ω . We define the Fourier–Laplace transform μˆ as
μˆ : z → 〈μ,vz〉, z ∈ CN,
where vz(x) = exp(−i〈x, z〉), x ∈ RN . We denote the zero set of the Fourier transform μˆ as
V (μˆ) := {z ∈ CN : μˆ(z) = 0}.
Definition 9. Let ω be a weight function.
(a) An ultradistribution μ ∈ E ′(ω) is called slowly decreasing for (ω) if there exists A 1 such that for each x ∈ RN
there exits t ∈ RN with |x − t |Aω(|x|) and |μˆ(t)| exp(−Aω(|t |)).
(b) An ultradistribution μ ∈ E ′{ω} is called slowly decreasing for {ω} if for each n ∈ N there exists xn > 0 such that
for each x ∈ RN with |x| xn there exits t ∈ RN with |x − t | n−1ω(|x|) and |μˆ(t)| exp(−n1ω(|t |)).
Accordingly to our notation, we write that μ is slowly decreasing for ω when ω can be either (ω) or {ω}.
We recall from [2, 2.9, 3.4] and [6, 2.4, 2.7] that μ ∈ E ′ω is slowly decreasing for ω if, and only if, the convolution
operator Sωμ is surjective.
We finish this section with the definition of ultradifferential operator, which goes back to Braun [4].
Definition 10. Let G ∈ H(CN) be an entire function such that logG(z) = O(ω(|z|)) (respectively logG(z) =
o(ω(|z|))) as |z| tends to infinity. Then
TG(ϕ) :=
∑
α∈NN0
(−i)|α| D
αG(0)
α! ϕ
(α)(0)
defines an ultradistribution TG ∈ E ′(ω) (respectively TG ∈ E ′{ω}). The operator G(D) : Eω → Eω, defined by G(D)f :=
TG ∗ f is called an ultradifferential operator of class ω.
3. Nearly hypoelliptic convolution operators
Let σ and ω be weight functions with σ  ω and let μ ∈ E ′ω. We consider the diagram
Sωμ : D′ω −→ D′ω
∪ ∪
E E
∪ ∪
Eσ Eσ
∪ ∪
T ωμ : Eω −→ Eω.
In this section we will characterize when (Sωμ)−1(Eσ ) is included in Eσ . We also study the limit case when
(Sωμ)
−1(E) is included in the space E . The proofs of the results of this section are influenced by [1].
The next result is a generalization of [11, 16.6.1], where the statement is obtained for the classical space of dis-
tributions. The proof follows from a careful inspection of the given one in [1, 2.3], in whose statement the stronger
condition KerS(ω)μ ⊂ E(ω) is required, which however is not necessary in the arguments.
Proposition 11. If μ ∈ E ′(ω) satisfies KerS(ω)μ ⊂ E , then
lim
z∈V (μˆ), |z|→∞
| Im z|
ω(z)
= ∞.
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Lemma 12. Let μ ∈ E ′(ω). The following assertions are equivalent:
(i) lim inf
z∈V (μˆ), |z|→∞
| Im z|
ω(z)
> 0.
(ii) For all weight function σ such that σ = o(ω),
lim
z∈V (μˆ), |z|→∞
| Im z|
σ(z)
= ∞.
Proof. Clearly (i) implies (ii). To prove that (ii) implies (i) we argue by contradiction and we assume that (ii) holds
and
lim inf
z∈V (μˆ), |z|→∞
| Im z|
ω(z)
= 0.
We get a sequence (zn)n ⊂ C such that (|zn|)n is an increasing sequence which tends to infinity, μˆ(zn) = 0 and
| Im zn|/ω(zn) < 1/n. Let g(x) := (1/n)ω(x) if x ∈ [|zn|, |zn+1|[, for each n ∈ N. By [5, 1.7], there exists a weight σ
such that g = o(σ ) and σ = o(ω). There exists n0 such that σ(|zn|) g(|zn|) for each n n0. Now, for each n ∈ N
with n n0, we have
| Im zn|
σ(zn)
 | Im zn|
g(|zn|) = n
| Im zn|
ω(zn)
 1,
and this is a contradiction with (ii). 
Proposition 13. Let μ ∈ E ′{ω}. If KerS{ω}μ ⊂ E , then
lim inf
z∈V (μˆ), |z|→∞
| Im z|
ω(z)
> 0.
Proof. Since μ ∈ E ′{ω} there exists a weight ω0 = o(ω) such that μ ∈ E ′(ω0) (cf. [5, 7.6]). For each weight r  ω0,
r = o(ω) we have that KerS(r)μ ⊂ KerS{ω}μ ⊂ E and from Proposition 11 it follows that
lim
z∈V (μˆ), |z|→∞
| Im z|
r(z)
= ∞.
Then
lim
z∈V (μˆ), |z|→∞
| Im z|
σ(z)
= ∞,
for all weight function σ with σ = o(ω). Apply Lemma 12 to conclude. 
Proposition 14. Let σ be a weight function or σ(t) = log(1 + t2) and μ ∈ E ′ω.
(1) If (Sωμ)−1(E(σ )) ⊂ E , then there exist A,R > 0 such that∣∣μˆ(x)∣∣ exp(−Aσ(x))
for x ∈ RN , |x|R.
(2) If (Sωμ)−1(E{σ }) ⊂ E , then for each m ∈ N there exits Rm such that
∣∣μˆ(x)∣∣ exp
(
−σ(x)
m
)
for each x ∈ RN , |x|Rm.
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j  2 and |μˆ(xj )| < exp(−jσ (xj )) for each j ∈ N. Define ν :=∑j exp(i〈·, xj 〉). The condition |xj | > 2|xj−1| > 2j
allows us to apply Sampson and Zielezny Lemma (cf. [15, p. 141], [1, 2.4]) to obtain that ν belongs to D′ (and hence
to D′ω), but is not a C∞ function on RN . The same arguments used in the proof of [1, 2.5], show that the series
μ ∗ ν =
∞∑
j=1
μˆ(xj ) exp
(
i〈·, xj 〉
) (1)
is convergent in D′ω. Hence, if we show that
∑∞
j=1 μˆ(xj ) exp(i〈·, xj 〉) lies in E(σ ), we get a contradiction. Notice that
E(σ ) ↪→ E ↪→D′ ↪→D′ω because Dω ↪→D with dense range.
Case 1: If σ is a weight function, we claim that the series is Cauchy, and then convergent, in E(σ ), and therefore
in E . To see that, let ϕσ (t) := σ(et ), and let ϕ∗σ denote the young conjugate of ϕσ . Let α ∈ NN0 , m ∈ N, and j > m
such that σ(xj ) > 1
∣∣μˆ(xj ) exp(i〈·, xj 〉)(α)∣∣ exp
(
−mϕ∗σ
( |α|
m
))

∣∣μˆ(xj )∣∣|xj ||α| exp
(
−mϕ∗σ
( |α|
m
))
 exp
(
−jσ (xj )+ |α| log |xj | −mϕ∗σ
( |α|
m
))
 exp
(−jσ (xj )+ mϕ∗∗σ (log |xj |))
= exp((−j +m)σ(xj ))
 exp(−j +m).
This shows that the series is convergent in E(σ ).
Case 2: If σ(t) = log(1 + t2), the sequence (xj ) satisfies
μˆ(xj ) <
1
(1 + |xj |2)j
for each j ∈ N. And then for α ∈ NN0 ,
∣∣μˆ(xj ) exp(i〈·, xj 〉)(α)∣∣ |xj |
|α|
(1 + |xj |2)j .
For j bigger than |α|,
∣∣μˆ(xj ) exp(i〈·, xj 〉)(α)∣∣ 1|xj |2j−|α| 
1
22j−|α|
.
Hence the series (1) is convergent in E .
(2) Proceeding by contradiction, we find m ∈ N and a sequence (xj )j∈N in RN such that |xj | > 2|xj−1| > 2j
such that |μˆ(xj )|  exp(−σ(xj )/m). We again define ν :=∑∞j=1 exp(i〈·, xj 〉), which belongs to D′ω \ E . Now one
can proceed similarly as in (1) to obtain that the series is convergent in Eσ (K,m + 1) for each compact subset K
of RN . 
Remark 15. Proposition 14 implies that for μ ∈ E ′(ω), and ω  σ weight functions, if S(ω)μ is (σ )-hypoelliptic then
T
(σ)
μ : E(σ ) → E(σ ) is surjective and hence S(σ)μ :D′(σ ) →D′(σ ) is surjective too ([1, 2.1], [2, 2.9]).
The arguments of the proof of the following proposition are inspired in the comments after Definition 12 in [3]
(cf. [2, 3.2]).
Proposition 16. Let ω and σ be two weights such that ω = o(σ ) and let μ ∈ E ′{ω}. If (S{ω}μ )−1(E{σ }) ⊂ E , then there
exists a weight r  ω, r = o(σ ) such that there exists R > 0 for which |μˆ(x)| exp(−r(x)) for each x ∈ RN , |x|R.
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sition 14 we obtain an increasing sequence (Rm)m tending to infinity such that |μˆ(x)|  exp(−σ(x)/m) for each
x ∈ RN , |x|Rm. We define
g : [0,∞) → [0,∞), g(x) :=
{
0 for x ∈ [0,R1),
σ (x)
m
for x ∈ [Rm,Rm+1).
By [5, 1.7] there exists a weight function r satisfying g = o(r), r = o(σ ), σ0  r . If we choose  such that g(t) r(t)
for all t R. Now we fix x ∈ RN with |x|R and choose m  such that |x| ∈ [Rm,Rm+1). Then
∣∣μˆ(x)∣∣ exp
(
−σ(x)
m
)
= exp(−g(x)) exp(−r(x)). 
Theorem 17. Let μ ∈ E ′(ω)(RN) and σ  ω weight functions. Then the following conditions are equivalent:
(1) (S(ω)μ )−1(E(σ )) ⊂ E(σ ),
(2) (S(ω)μ )−1(E(σ )) ⊂ E ,
(3) (a) limz∈V (μˆ), |z|→∞ | Im z|ω(z) = ∞, and
(b) there exist A,R > 0 such that |μˆ(x)| exp(−Aσ(x)) for x ∈ RN , |x|R,
(4) there exists F ∈D′(σ ) with compact (ω)-singular support and an analytic function g such that μ ∗ F = δ + g,
(5) there exists E ∈ E ′(σ ) and ϕ ∈D(ω) such that μ ∗E = δ + ϕ.
Proof. It is clear that (1) implies (2), and (2) implies (3) is a consequence of Propositions 11 and 14.
(3) ⇒ (4) The hypothesis σ  ω together with (3) imply
lim
z∈V (μˆ), |z|→∞
| Im z|
σ(z)
= ∞, lim
z∈V (μˆ), |z|→∞
| Im z|
ω(z)
= ∞
holds, and∣∣μˆ(x)∣∣ exp(−Aσ(x)), ∣∣μˆ(x)∣∣ exp(−Aω(x))
also holds for x ∈ RN , |x|R. Thus μ is (ω) hypoelliptic by [1, 2.1]. By [1, 2.9], this yields that there exists F ∈D′(ω)
with compact (ω) singular support satisfying μ ∗ F = δ + g, g analytic. The function F , again by [1, 2.9], is defined
as follows
〈F,ϕ〉 :=
(
1
2π
)N ∫
|x|R
ϕˆ(−x)
μˆ(x)
dx, ϕ ∈D(ω).
This together with (3)(b) implies that F ∈D′(σ ).
(4) ⇒ (5) We select ψ ∈D(σ ) such that ψ ≡ 1 in neighbourhood of a compact set K containing the (ω) singular
support of F . Set E := ψF ∈ E ′(σ ). As in the proof of (5) ⇒ (1) in [1, 2.1] we get
μ ∗E = δ + ϕ, ϕ ∈D(ω).
(5) ⇒ (1) Let h ∈ D′(ω) such that μ ∗ h = f ∈ E(σ ). Consider the convolution G := E ∗ (μ ∗ h) ∈ E(σ ). Since
E,μ ∈ E ′(ω) and h ∈D′(ω), the properties of the convolution yield
G = (δ + ϕ) ∗ h = h+ ϕ ∗ h.
Thus h ∈ E(σ ) since ϕ ∗ h ∈ E(ω) ⊆ E(σ ). 
Corollary 18. Let σ  ω be two weight functions and μ ∈ E ′(ω). If S(ω)μ is (σ )-hypoelliptic or S(ω)μ is hypoelliptic then
μ is (ω)-hypoelliptic.
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condition than (ω)-hypoellipticity. Even more, we can state the following result:
Let σ, r and ω be weight functions with σ = o(r) and r  ω. Then there exist an ultradistribution μ ∈ E ′(ω) such
that S(ω)μ is (r)-hypoelliptic but not (σ )-hypoelliptic. To prove this, one only has to make a slight modification of the
arguments of [1, 2.13(a)] taking G(D) as an ultradifferential operator of class (r) and f ∈ E{r}.
In [7, 4.2.2], Chou showed that in the context of ultradistributions of the form D′Mp , (Mp)p being a sequence
which satisfies the Komatsu conditions [12], an Mp-hypoelliptic ultradistribution μ is hypoelliptic if and only if for
each distribution F ∈ D′ there exists G ∈D′ such that μ ∗ G = F . We see below that this result can be extended to
our framework.
Proposition 19. Let σ  ω weight functions (or σ(x) = log(1+ x2)) and let μ ∈ E ′(ω) be (ω)-hypoelliptic. The follow-
ing are equivalent:
(i) (S(ω)μ )−1(E(σ )) ⊆ E(σ ),
(ii) D′(σ ) ⊆ S(ω)μ (D′(σ )).
Proof. Suppose that (i) is true and fix F ∈ D′(σ ). By Theorem 17 there exists G ∈ E ′(σ ) and ϕ ∈ D(ω) such that
μ ∗ G = δ + ϕ. We observe that G ∗ F ∈D′
(σ )
and ϕ ∗ F ∈D(σ ) ∗D′(σ ) ⊂ E(σ ). Since S(ω)μ is (ω)-hypoelliptic, μ is
(ω)-slowly decreasing [1, 2.1] and then S(ω)μ is surjective [2, 2.5]. We take H ∈ E(σ ) such that μ ∗ H = −ϕ ∗ F .
Therefore μ ∗ ((G ∗ F)−H) = F and G ∗ F −H ∈D′(σ ).
Now we assume that (ii) holds. From [1, 2.9] there exists E ∈ D′
(ω)
and g real analytic such that μ ∗ E = δ + g.
By the assumption, there exists F ∈D′(σ ) such that μ ∗ F = δ + g. Therefore, E − F ∈ KerS(ω)μ ⊂ E(ω). This implies
that the (ω) singular support of E coincides with the (ω) singular support of F (cf. [1, 2.11]). The conclusion follows
from the implication (4) ⇒ (1) in Theorem 17. 
Proposition 20. Let ω and σ be two weights such that σ = o(ω) and let μ ∈ E ′{ω}. The following assertions are
equivalent:
(1) (S{ω}μ )−1(E(σ )) ⊂ E(σ ),
(2) (a) lim infz∈V (μˆ), |z|→∞ | Im z|ω(z) > 0, and
(b) there exist A,R > 0 such that |μˆ(x)| exp(−Aσ(x)) for x ∈ RN , |x|R.
Proof. We consider a weight function r with σ = o(r), r = o(ω) such that μ ∈ E ′(r) ⊂ E ′{ω}. Since D′{ω} =⋃
τr, τ=o(ω)D′(τ ) [5, 7.6], condition (1) is equivalent to(
S(τ)μ
)−1
(E(σ )) ⊂ E(σ ),
for all τ  r , τ = o(ω). From Theorem 17, this is equivalent to
(i) limz∈V (μˆ), |z|→∞ | Im z|τ(z) = ∞, ∀τ  r , τ = o(ω), and
(ii) there exist A,R > 0 such that |μˆ(x)| exp(−Aσ(x)) for x ∈ RN , |x|R.
The argument of the proof of Lemma 12 permits to conclude that assertion (i) is equivalent to
lim inf
z∈V (μˆ), |z|→∞
| Im z|
ω(z)
> 0. 
Proposition 21. Let ω and σ be two weights such that σ  ω and let μ ∈ E ′(ω). The following assertions are equivalent:
(1) (S(ω)μ )−1(E{σ }) ⊂ E{σ },
(2) (a) limz∈V (μˆ), |z|→∞ | Im z| = ∞, andω(z)
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∣∣μˆ(x)∣∣ exp
(
−σ(x)
m
)
for each x ∈ RN , |x|Rm.
Proof. (1) implies (2) by Propositions 11 and 14. Now, we suppose (2). By condition (b), arguing as in Proposition 16,
we obtain a weight function σ0 = o(σ ) such that there exists R > 0∣∣μˆ(x)∣∣ exp(−σ0(x)) for x ∈ RN, |x|R.
From Theorem 17 we get(
S(ω)μ
)−1
(E(r)) ⊂ E(r), ∀r  σ0, r = o(σ ).
Now we apply E{σ } =⋂rσ0, r=o(σ ) E(r) [1, 3.5] to get the result. 
As a particular case of the above theorem we have a characterization of the ultradistributions μ ∈ E ′(ω) such that
S
(ω)
μ is {ω}-hypoelliptic. However, the arguments in Proposition 20 do not permit to obtain such a characterization for
the ultradistributions μ ∈ E ′(ω) such that S{ω}μ is (ω)-hypoelliptic.
For a weight function m and μ ∈ E ′{m} ⊆ E ′(m), the condition (S(m)μ )−1(E{m}) ⊂ E{m} implies that μ is {m}-
hypoelliptic. However, the converse is not true.
Indeed, keeping the notation of Proposition 2.13(b) in [1], the ultradistribution μ constructed in that proof satisfies
μ ∈ E ′{m}(RN), for a weight m with ω = o(m), and μ is (ω)-hypoelliptic, hence {m}-slowly decreasing, see [2, 3.2].
On the other hand, by the construction given there limz∈V (μˆ), |z|→∞ | Im z|m(z) = 1. This implies that μ is {m}-
hypoelliptic (see [1, 3.1]) but KerS(m)μ is not included in E by Proposition 11.
We remark that the above example proves that there exists μ ∈ E ′{m}(RN) which is {m}-hypoelliptic but not (m)-
hypoelliptic.
Proposition 22. Let ω and σ be two weights such that σ  ω and let μ ∈ E ′{ω}. The following assertions are equivalent:
(1) (S{ω}μ )−1(E{σ }) ⊂ E{σ },
(2) (a) lim infz∈V (μˆ), |z|→∞ | Im z|ω(z) > 0, and(b) for each m ∈ N there exists Rm > 0 such that
∣∣μˆ(x)∣∣ exp
(
−σ(x)
m
)
for each x ∈ RN , |x|Rm.
Proof. (1) implies (2) by Propositions 13 and 14. Under the assumptions of (2)(b), the proof of Proposition 16 implies
the existence of a weight r0 = o(σ ) such that there exists R > 0 for which∣∣μˆ(x)∣∣ exp(−r0(x))
for each x ∈ RN , |x|R. Now, from Proposition 20 we deduce that(
S{ω}μ
)−1
(E(r)) ⊂ E(r), ∀r = o(σ ), r  r0.
Therefore we conclude (1) from [1, 3.5]. 
Remark 23. Let σ = o(ω) be two weights functions and let μ ∈ E ′(ω).
(a) S{ω}μ is (σ )-hypoelliptic if and only if for each weight r = o(ω), σ = o(r), S(r)μ is (σ )-hypoelliptic also.
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quence of the proofs of Propositions 16 and 21.
Using the above remark, it is not difficult to generalize Proposition 19 in the following way:
Proposition 24. Let σ = o(ω) weight functions (or σ(x) = log(1 + x2)) and let μ ∈ E ′ω be ω-hypoelliptic. The follow-
ing are equivalent:
(i) (Sωμ)−1(Eσ ) ⊆ Eσ ,
(ii) D′σ ⊆ Sωμ(D′σ ).
4. Nearly elliptic convolution operators
Let ω and σ be weight functions with ω = o(σ ) and μ ∈ E ′ω ⊂ E ′σ . We consider the following diagram
Sσμ : D′σ −→ D′σ
∪ ∪
Sωμ : D′ω −→ D′ω
∪ ∪
T ωμ : Eω −→ Eω
∪ ∪
T σμ : Eσ −→ Eσ
∪ ∪
A A.
In this section we study regularity of the convolution operator Sωμ with respect to a smaller class of ultradifferentiable
functions than the corresponding one to the space of ultradistributions where the operator is defined. The limit case,
an ω-elliptic operator is that which has regularity with respect to the space of analytic functions, i.e., (Sωμ)−1(A) ⊂A.
We claim that the equivalence between conditions (1) and (3) in Theorem 17 does not apply if σ  ω. In fact, every
(ω)-hypoelliptic ultradistribution μ ∈ E(ω)(RN) satisfies the condition (3) in this theorem. Thus, if this condition im-
plied that (S(ω)μ )−1(E(σ )) ⊆ E(σ ) for each σ  ω, we have that (S(ω)μ )−1(A) ⊆⋂σω E(σ ). On the other hand, the space
of real analytic function is the intersection of all classes of non-quasianalytic functions E(σ ) (Bang–Mandelbrojt’s The-
orem [7, I.2.2]). Then, we would conclude that every (ω)-hypoelliptic ultradistribution μ ∈ E(ω) is elliptic, and it is
well known to be false.
Proposition 25. Let μ ∈D′(ω). Let σ be a weight function such that ω = o(σ ). Then μ ∈ Eσ , if and only if μ ∗ ϕ ∈ Eσfor all ϕ ∈D(ω).
Proof. SinceD(ω) ⊂ E ′ ⊂ E ′σ , properties of the convolution establish that Eσ ∗D(ω) ⊂ Eσ [5, 6.4]. Now, we assume μ∗
ϕ ∈ Eσ for all ϕ ∈D(ω). Let r be a weight function such that ω = o(r) and r = o(σ ). From [10, Lemma 2.3] we obtain
an ultradifferential operator G(D) of class (r) and two functions χ ∈D(r) and Γ ∈D{r} such that G(D)Γ + χ = δ.
Then
μ = μ ∗ δ = μ ∗ (G(D)Γ + χ)= G(D)(μ ∗ Γ )+ μ ∗ χ.
Now, since χ,Γ ∈D(ω), we obtain that μ∗χ ∈ Eσ and μ∗Γ ∈ Eσ . Finally, since G(D) is an ultradifferential operator
of class {σ }, and then also of class (σ ), we get the conclusion. 
The inclusionA∗D ⊂A is well known. The following result (cf. [9, 3.1.11]) characterize when an ultradistribution
is an analytic function in terms of the convolution with ultradifferentiable functions. The proof is considerably easier
than the given one in [9].
Corollary 26. Let μ ∈D′ω. If μ ∗ ϕ ∈A for any ϕ ∈Dω then μ ∈A.
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Proposition 27. Let μ ∈ E ′ω . Let σ be a weight function such that ω = o(σ ). If KerT ωμ ⊂ Eσ then KerSωμ ⊂ Eσ .
Proof. We claim that for each ν ∈ KerSωμ and for each function ϕ ∈Dω we have that ν ∗ ϕ ∈ KerT ωμ . Indeed,
T ωμ (ν ∗ ϕ) = μ ∗ (ν ∗ ϕ) = (μ ∗ ν) ∗ ϕ = Sωμ(ν) ∗ ϕ = 0.
Therefore ν ∗ ϕ ∈ Eσ for every ϕ ∈Dω. The result is a consequence of Proposition 25. 
Proposition 28. Let ω,σ be weight functions such that ω = o(σ ). Let μ ∈ E ′
(ω)
. If (T (ω)μ )−1(E(σ )) ⊂ E(σ ), then
(S
(ω)
μ )
−1(E(σ )) ⊂ E(σ ).
Proof. Let ν ∈D′(ω) such that μ ∗ ν = f ∈ Eσ and let ϕ ∈D(ω). Then, since Eσ ∗D ⊂ Eσ , we get
μ ∗ (ν ∗ ϕ) = (μ ∗ ν) ∗ ϕ = f ∗ ϕ ∈ Eσ ,
i.e. (T (ω)μ )(ν ∗ ϕ) ⊂ Eσ . Our assumption implies that ν ∗ ϕ ∈ E(σ ) for each ϕ ∈ D(ω) and Proposition 25 yields the
conclusion. 
Corollary 29. Let ω and σ be weight functions wit ω = o(σ ). Let μ ∈ E ′(ω)(RN). If (T (ω)μ )−1(Eσ ) ⊂ Eσ , then μ is
σ -slowly decreasing.
Proof. It follows from Propositions 14 and 28. 
Theorem 30. Let ω,σ be weight functions such that ω = o(σ ) and let μ ∈ E ′ω . Then (T ωμ )−1(Eσ ) ⊂ Eσ if, and only if,
(S
{σ }
μ )
−1(Eσ ) ⊂ Eσ .
Proof. The no obvious implication is a consequence of the equality D′{σ } =
⋃
ωτ=o(σ )D′(τ ) [5, 7.6] and Proposi-
tion 28. 
Remark 31. Let ω,σ be weight functions such that ω = o(σ ) and μ ∈ E ′ω.
(a) Then (T ωμ )−1(E{σ }) ⊂ E{σ } if and only if μ is {σ }-hypoelliptic.
(b) T ωμ is a (σ )-hypoelliptic operator if and only if S{σ }μ is (σ )-hypoelliptic.
(c) For the operators in (b) we do not have a characterization in terms of the behaviour of μˆ, we only know necessary
conditions derived from Propositions 13 and 14.
Also from Theorem 30 and the Bang–Mandelbrojt’s Theorem we can obtain the following result. Compare it with
[8, Theorem 4].
Theorem 32. Let ω be a weight and let μ ∈ E ′ω . T ωμ is elliptic if and only if Srμ is elliptic for each weight r  ω.
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